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Abstract 

Associated to every finite group, Kitaev has defined the quantum double model for 
every orientable surface without boundary. In this paper, we define boundaries for this 
model and characterize condensations; that is, we find all quasi-particle excitations 
(anyons) which disappear when they move to the boundary. We then consider two 
phases of the quantum double model corresponding to two groups with a domain wall 
between them, and study the tunneling of anyons from one phase to the other. Using 
this framework we discuss the necessary and sufficient conditions when two different 
groups give the same anyon types. As an application we show that in the quantum 
double model for S3 (the permutation group over three letters) there is a chargeon and 
a fluxion which are not distinguishable. This group is indeed a special case of groups 
of the form of the semidirect product of the additive and multiplicative groups of a 
finite field, for all of which we prove a similar symmetry. 



1 Introduction 

The quantum double model of Kitaev [1] has been studied extensively in the recent years 
both from the point of view of quantum error correcting codes as well as non-abelian statis- 
tics. Bombin and Martin-Delgado [5] have defined a generalization of the Kitaev Hamil- 
tonian and characterized condensations and confinements in their model. They have also 
studied their model with domain walls [3]. Moreover, Levin- Wen model [4] can be consid- 
ered as a generalization of the quantum double model for unitary tensor categories [5], and 
provides us with a general approach to translate mathematical objects to physical concepts 
and vice versa. Kitaev and Kong (personal communication, 2009) have used this framework 
and defined the Levin- Wen model with boundaries and domain walls between two phases 
corresponding to two categories. In their model, the boundaries are parametrized by an 



algebra in the corresponding category. So by fixing an algebra, one can study edge excita- 
tions, condensations, and tunneling of quasi-particle excitations from one phase to another. 
However, the connection between this model and the work of Bombin and Martin-Delgado 
[5J [3] is not clear. In particular, we do not know which algebras give the condensations of 
[2]. In this paper, we define the quantum double model with boundary, and based on the 
recent work of Davydov [6] on the classification of algebras in group-theoretical modular 
categories, try to characterize possible condensations in this model. Before explaining our 
work and its consequences let us start with the example of the toric code. 

Consider a planar square lattice and to each edge correspond a Hilbert space with basis 
elements indexed with Z2. The Hamiltonian is a summation of vertex and face operators 
which arc defined in terms of o~ x and a z Pauli matrices (see [1] for details) . Then elemen- 
tary excitations of the system correspond to certain chains of o~ x and o~ z operators (ribbon 
operators) which create two quasi-particles at the end points of the ribbon. A string of 
a x operators gives magnetic charges (fluxions), denoted by m, and a chain of o z operators 
gives electric charges (chargeons), denoted by e. Moreover, movement of quasi-particles 
is equivalent to extending the corresponding ribbons, and then their braidings can be de- 
fined. Simultaneous application of o~ x and a z chains corresponds to the fusion of to and e: 
e = m® e. These three particles together with the vacuum give the system of anyons corre- 
sponding to group Z2; they are indeed the four irreducible representations of the quantum 
double of Z2, denoted by Di^L^). 

Assume that there is a defect line in the lattice which divides the plane into two parts 
and so that the lattice on the right hand side is the dual of the lattice on the left. That is, on 
the left half-plane the vertex operators are defined in terms of a x and on the right half-plane 
in terms of a z , and similarly for the face operators. (The vertex and face operators should 
be carefully defined on the defect line; details are given in the work of Kitaev and Kong and 
in [7].) Now consider an to excitation on the left and by applying a chain of <j x operators 
move it to the right hand side. Due to the structure of the lattice, the string of a x operators 
will change to a z terms on the right, which means that to becomes an e on the right. Thus 
the operation of moving particles from the left half-plane to the right side exchanges e and 
to (while keeping the vacuum and e unchanged). As a result, all braidings and fusions are 
symmetric with respect to the transposition (e, to) . 

In this paper we generalize the above construction for every group. We consider a planar 
lattice with a defect line and define the Kitaev's Hamiltonian on the left and right half-planes 
corresponding to two groups G and G' . The excitations on the two bulks again correspond 
to the representations of the quantum doubles of G and G', and ribbon operators create 
and move these quasi-particles. Therefore, if the movement of quasi-particles from the left 
half-plane to the right makes sense, i.e., a consistent definition of the Hamiltonian near the 
domain wall is available, we can study the tunneling of anyons from one phase to the other. 

Suppose G' is the trivial single-element group. In this case there is no excitation on 
the right hand side, and indeed the domain wall turns into a boundary. The toric code 
with boundary (G — Z2) has been studied by Bravyi and Kitaev [5]. They have considered 
two types of boundaries: the z-boundary and the .T-boundary, and have shown that an to 
(e) excitation disappears when it moves towards the cc-boundary (z-boundary). In other 
words, anyons to and e get condensed near the corresponding boundaries. Kitaev and Kong 
(personal communication, 2009) have generalized this idea and defined the Levin- Wen model 
with boundaries. In their model, the boundary is parametrized in terms of an algebra in 
the corresponding category. 

Here we define a boundary for the quantum double model in terms of a subgroup K C G 
and a 2-cocycle of K. Then we characterize the anyons that become condensed at the 
boundary. We finally by applying the folding idea turn a domain wall between two phases 
G and G' into a boundary given by some U CGxG' and a 2-cocycle, so the tunneling of 
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anyons from one phase to another can be studied in terms of condensations. 

Using this machinery, we study groups G for which a symmetry similar to that of Z 2 
exists. That is, a transposition of a chargeon-fluxion pair, together with replacing each 
anyon with its charge conjugation, gives a symmetry of anyons corresponding to G. We 
show that all groups of the form F+ xi F* , where F q is the finite field with q elements, have 
this property. Note that q = 2 gives Z 2 and q = 3 corresponds to 63, the permutation group 
over three letters. 

The rest of this paper is organized as follows. In the following two sections, we review 
the basic ingredients of the quantum double of finite groups and the quantum double model. 
In Section [4] we define a boundary for the Kitaev model that depends only on a subgroup 
(the corresponding 2-cocycle is trivial) and compute the condensations. This construction 
is generalized in Section [5] In Section [6] we consider a domain wall between two phases, and 
by applying the folding idea, turn it into a boundary. We then use all the previous results 
to find a non-trivial symmetry in the system of anyons of F+ » F J . In Appendix B] we try 
to classify all groups for which a symmetry similar to that of F+x F* exists. Finialremarks 
and some open problems are discussed in Section [7] 



2 Drinfeld double of a finite group 

Let us first fix some notations. C denotes the set of complex numbers and C x is its multi- 
plicative group, x* is the complex conjugate of x G C and |ir| 2 = xx* . The identity element 
of a general group G is denoted by e. For a subgroup K of G and g G K, Zx(g) denotes the 

centralizer of g in K: Zx{g) = {h G K : hg — gh}. We write g ~ g' if there exists h G K 
such that hghr 1 — g' . When K = G and there is no confusion we drop K in these notations 
(Z G (g) = Z(g) and g ~ g' means g ~ g ). The conjugacy class of g G G is denoted by g 
(g = {hgh^ 1 : h G G}). In this paper all representations are over complex numbers, and 
for a representation p of a group, p* denotes its complex conjugate representation. tr p (-) 
is the character of p, and 1 denotes the trivial representation (tri(-) = 1). S denotes the 
Kronecker delta function and for any relation p, 5 P = 1 if p holds and otherwise 5 P = 0. 
The size of a set X is denoted by |X|. Finally, equivalence of categories, and isomorphism 
of groups and representations are shown by ~. 

Although some of the results of this paper are stated in terms of category theory notions, 
a basic knowledge of the theory of anyons is enough to follow the proofs. For technical details 
we refer to [9] and Appendix E of [10] , 



2.1 D(G) 

Let G be a finite group. The quantum double or Drinfeld double of G denoted by D(G), is 
a Hopf algebra containing CG. D(G) can be described by the C-basis {gh* : g,h G G} with 
the multiplication 

{giK)(g 2 h* 2 ) = 5 h2 g -i hig2 (gmM, 

and the comultiplication 

A(gh*)= J2 9hl®gh* 2 . (1) 

By g G D(G) we mean g — gh* , and h* — eh* (e is the identity of the group). The unit 
of D(G) is equal to e = J2h e ^*' * ne coun it is given by s(gh*) = 5h, e , and the antipode is 

l(gh*)=g- 1 (gh- 1 g- 1 )*. 
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2.2 Representations of D{G) 



Consider an element a € G and let jt be a representation of Z(a) over the vector space 
W with the basis {wi, . . . , Wd}- Define the vector space Vfg |7r i with the basis {|o, to*) : & € 
a, 1 < i < d}. V(o,7r) is a representation of D(G) as follows. For any b <G a fix kb £ G such 
that b = kbak^ 1 . (Let fc a = e.) Observe that k~^_ 1 gkb is always in Z(a), and then for any 
to € W, b £ a, and gh* € -D(G) define 

gh*\b,w) = <5 M \gbg~ 1 ^{k~ b \-xgk b ) w) . 

It is easy to show that this action gives a representation of D(G). X(a,-n)i the character of 
this representation, is given by 

X(a,ir)(gh*) = 5 he a 5 ghM tr^ik^ 1 gk h ). (2) 

If 7r is an irreducible representation (irrep) of Z(a), then the representation Vrg,n) °f 
D(G) is irreducible as well. Conversely, all irreps of D(G) arc of the above form and are 
indexed by conjugacy classes of G and irreps of the centralizer of a fixed element in the 
corresponding conjugacy class (see for example [9]). 

The trivial representation of D(G) is indexed by = (e, 1). Moreover, the (charge) 
conjugation of (a, 7r), which we denote by (a, 7r) v , is isomorphic to (a -1 , tt*). The conjugacy 
class a of an irrep (a, w) is called its magnetic charge and n is its electric charge, (a, tt) is 
called a chargeon if a = e and a fluxion if it = 1. 

Irreducible representations of D(G) are orthogonal to each other with respect to the 
following inner product: 

(Xi,X2> = ^£(xi(<7fc*))* X2(gh*)- (3) 
11 g,h 

Then the multiplicity of the irrep (a, tt) in the character \ is equal to (x(o,7r)! x}- 



2.3 Fusion rules 

Let (a, tt) and (a',7r') be two irreps of D(G). Then using the comultiplication ([!]), (a, tt) ® 
(a',7r') is also a representation^] of D(G) and is isomorphic to the direct sum of irreducible 
ones: 

where N^ h ' p ^— is a non-negative integer. To compute these numbers we may use the 
Verlinde formula. 

Define the matrix S whose rows and columns are indexed by irreps of D(G) and 

%,)(^)= \ Z (a)\\z(a')\ S tt.^h-^Or^h). (4) 

hi ha' h 1 £Z(a) 

Then N^ Y can be computed in terms of S: 

N XY = Y, SxuS q YuS * zu , (5) 
where the summation runs over all irreps U, and = (e, 1) is the trivial representation. 

lr The action of gh* on v ® w is given by A(gh*)f ® «). 
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2.4 Z(G) 



Z(G) denotes the category of finite dimensional representations of D(G) over complex num- 
bers. Every object of Z{G) is isomorphic to a direct sum of simple objects, i.e., irreducible 
representations. Z(G) is a fusion category, where the fusion rules are given by the Verlinde 
formula. Moreover, the i?-matrix 

R = 

gee 

defines the braiding Cx,y = PR : X <£>Y — > Y ® X oi two representations X and Y, where 
P is the transposition of X and Y. (Cx,y v ® w = S ff 9 W ® 9* v -) Z{G) is a modular tensor 
category (see [9] for details). 



2.5 Example: Z(S 3 



Let G = S3 be the permutation group over three letters: S3 = (cr,T : a — r — e, err 
t _1 <t). D(S3) has eight irreducible representations described in the following table. 
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Here sign denotes the sign representation, tt is the two-dimensional representation of S3, 
and [—1], and [w], [ui*] denote the non-trivial representations of Z(a) = {e, a} and Z(t) — 
{e, r, t -1 }. The corresponding S-matrix is 
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and then using the Verlinde formula |5]) the fusion rules can be computed. 



(6) 
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The are several symmetries in this fusion table. In particular, by exchanging C and F 
we obtain the same table. This fact can also be seen from the S'-matrix If we let P 
to be the permutation matrix corresponding to the transposition (C, F), then PSP^ 1 = S. 
On the other hand, by the Verlinde formula the fusion rules are computed in terms of S, 
so since S is invariant under P, the fusion rules are also symmetric with respect to the 



transposition (C,F). In Section 6.1 we prove that this symmetry can be extended to an 
auto-equivalence of the whole category Z(G), i.e., the braidings are also symmetric. 
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Figure 1: A planer square lattice with directed edges. The direction of an edge can be 
reversed by changing the corresponding state according to the right figure. The pair of 
adjacent vertex vq and face fo consist a site. This site sq = (vq, /o) is depicted as a dotted 
line. A ribbon connecting two sites so an d si is also shown. The corresponding ribbon 
operator acts on bold edges and is defined in Figure [3] 

3 The quantum double model 

In this section we briefly discuss the main ingredients of the quantum double model pQ . For 
a detailed description we refer the reader to the original paper and [2]. 

3.1 Kitaev's Hamiltonian 

Consider a planar lattice with directed edges. We associate to each edge the Hilbert space 
CG with the orthonormal basis {\g) : j e G} where G is a finite group. For simplicity 
of presentation we assume that the direction of an edge can be reversed, and in this case 
we change the vector corresponding to that edge by sending \g) to Ig -1 ) (and extending 
linearly). A pair s = (v,f) of adjacent vertex v and face / is called a site and is depicted 
by a dotted line as in Figure [l] For any site s = (v, f) wc define the operators A a s and 
Bj, g, h 6 G, according to Figure [2] Observe that A 9 S depends only on the vertex v and 
not /, and furthermore, if h is in the center of G, is independent of v. So if there is 
no ambiguity A 9 S and are denoted by A 9 V and J5j, and are called the vertex and face 
operators, respectively. The following relations are easy to verify: 

A3 A9' — A99 1 
A s A s — A s 1 

(B':y - Bt 

AilS'; = Bi 9ha ^A a s . 

These equations show that gh* i-> A 9 B^ gives an isomorphism between the quantum double 
D(G) and the algebra of operators acting on site s. 

Observe that, for different sites s ^ s' wc have [A 9 ,A 9 s ',} = [A g a> B$] = [B*,B$] = 0. 



G 



AS. 



\ z ) _ \xg x ) v 

—> 5> 



I gy) 



\9Z) 



\9 U ) 




B h s \ x ) v J v \ z ) =6 Kuz -i yx \xY' j 



Figure 2: Definition of operators A 9 S and B^. Note that if h is in the center of G, B^ 
depends only on the face / and not vertex v. 

Define 

A v = A s = — ^2 A 9 S 
1 1 gea 

and 

B f = B s = B e s . 

Operators A v and Bf are projections and pairwise commute. Then consider the Hamiltonian 

H G = -J2A v -Y,B f , 
f 

where the summations run over all vertices v and faces /. Since all terms of the Hamiltonian 
commute, the ground state of Hq is a state such that A v \ifj) = Bf\tp) = For a planar 
lattice the ground state is unique and can be explicitly computed [T]. Nevertheless, here we 
are interested in elementary excitations. 

3.2 Ribbon operators 

A ribbon £ in the lattice is a sequence of "adjacent" sites connecting two sites sq and Si 
as in Figure [TJ From now on we always assume that So is the starting site of £ and Si is 
the ending site. (We also assume that ribbons avoid self-crossing.) For any ribbon £ and 
g,h G G the ribbon operator F^' 9 is defined as in Figure |3j It is easy to see that 

F h,g F h',g' = 5gglF hh\g^ (?) 
(_F h >fl)t = f£~ 1,b . (8) 



ph,g A k] _ \ph,g 



Moreover, for every site t different from sq and s±, [F^ ' 9 , A*] — [Ft ' 9 , B^ '} — 0, and we have 

A k 8Q Fj?' 9 = F khk-\kg A k^ (9) 
B k oF h,g = F ^b%, (10) 
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Figure 3: Definition of the ribbon operator ' 9 . The ribbon £ connects the starting site so 
to the ending site s\. 



and 



81 ! 

U-i, 



rjfc p^>3 _ p h -9 r>g h gk 



(11) 

(12) 



3.3 Elementary excitations 

Let \ip) be the ground state of the Hamiltonian Ho- Fix a ribbon £ which connects two sites 
so and si. Since :9 commutes with all terms of Hq except the terms at sites sq, si, the 



state \ip h ' g ) = Ft 



satisfies all constraints of the Hamiltonian except the ones at sq 



and si. Moreover, \tp h ' 9 } does not depend on £, but only on the end points sq, si; that is, if £' 



is another ribbon with the same end points, \ip 



h,g\ 



F[ 



),[!]. Therefore, 



applying F^ a on the ground state can be thought of as creating a pair of quasi-particles 
at sites Sq and s\. Thus movement of such quasi-particles is equivalent to extending the 
corresponding ribbons, and then their braidings can be defined. Furthermore, to fuse two 
quasi-particles of this form we can simply move them to the same site. As a result, the set 
of these quasi-particles describes a system of anyons. 

Now the question is whether there exists other elementary excited states or not. The 
space of quasi-particle excitations living at Sq and Si is equal to 

£(s ,si) = {\v) : A t \v) = B t \v) = \v) for all t ^ s ,si}. 

By the above argument \ip h ' g ) belongs to £(sq,sx), and it is proved in p] that £(so, s i) 
is spanned by states \ip h ' 9 ). Therefore, all excitations in this system can be obtained by 
applying ribbon operators on the ground state. The inner product in this space is computed 
in the following lemma. 
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Lemma 3.1 



h,g\„i,h',g'\ 



\G\ 



Sh,h'5n 



(13) 



Proof: (<>p h '9\ip h ''9') = (i/j\(f£ l ' 9 )^F^' 1 ' 9 '\ip) = 5 g<g -(ip\F^ h ' 1,9 \ip). So it suffices to show 



that 



1 

\G[ 



Using ( 12 ) we have 



Thus {il}\F^ 9 \il>) = if h ^ e. Now by ([IT]) and = A Sl we obtain 

= (^|F f e ^ 1 |^). 



Then for every we have (i^l-F^ ,s | 
the identity operator, so we are done. 



(14) 



lF e, g 



On the other hand, J2 g eG ^ s 



□ 



3.4 Anyon-types 

The only remaining question is to find different types of anyons. Let i be a site different 
from So;Si, and let £ be a closed ribbon which encircles sq but not s±, and both of whose 
end points are t. To characterize an unknown excitation sitting at sq, we can create a 
particle-antiparticle pair at t, move one of them along £ and rotate it around So, and finally 
by measuring the vertex and face operators at t check whether the pair (after braiding) fuses 
to vacuum or not. We can identify the anyon at sq by repeating this process for different 
particle-antiparticle pairs that we create at t. 

Of course, if there is no excitation at sq, we expect that after the rotation, the particle- 
antiparticle pair always fuses to vacuum. Mathematically, creating this pair and moving 
one of them, correspond to applying some ribbon operator along £. Moreover, if the pair 
fuses to vacuum, this ribbon operator should not create any excitation at t. This means 
that, besides the vertex and face operators along £, this ribbon operator must commute 
with A t and B t as well. Letting Fq to be the algebra of ribbon operators F^' 9 , g,h € G, 
we conclude that the anyon-types are characterized by the subalgebra K,^ C Fq of ribbon 
operators which commute with A t and B t : 

IC c = {TeF c : [T,A f ] = [T,B t ] = 0}. 

In [2] for any irreducible representation X of D(G) a ribbon operator T x £ is defined, 
and it is proved that is generated by these operators and the following equations hold: 

T x , 

5x,yT x , 
I. 



(T*)t = 




x 
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As a result, anyon-types are in one-to-one correspondence with irreps of D(G). Indeed, the 
set of projections T x decompose the space of excitations 



£(so,si) = 0T x £( So , Sl ), (15) 

x 

and \v) £ T x £(sq, si) is a state of an anyon of type X. 



The decomposition (151 can also be derived from another point of view. Using the 
commutation relations ([9j) and (10 1, it is easy to see that 



A* o \ip h ' 9 ) = \ip khk 1 - kg ), 

<I^ M ) = MV> 9 ). 



As we mentioned in Section 



3.1 



the algebra generated by operators A^ g and B Sg is isomorphic 
to D(G). Then the above equations define a representation of D{G) on the space C(sq, si). 
This representation, however, is equivalent to the regular representation of D(G); that is, by 
sending \ip h ' 9 ) to h*g, the action of D(G) is given by multiplication from left. On the other 
hand, decomposing the regular representation of D{G) into irreducible ones, we obtain all 
irreps of D(G) as a summand, i.e., as representations of D(G) we have 

£( So , Sl )~0(dimA)l/ x , 
x 

where the direct sum runs over irreps of D(G) and Vx is the vector space corresponding to 
irrep X. Again we refer to [5] for an explicit description of this isomorphism in terms of basis 



vectors, which indeed is the same as the decomposition (Il5j): T x £(so, si) ~ (dimX)Vx ■ 

As a summary, anyon-types in this model are described by simple objects of Z(G). 
Moreover, given a subspace of elementary excitations W C £(s ,si), to find the types of 
anyons in W we can compute the character of the representation W of D(G), and then 
decompose it into irreducible ones. We will use this method in Sections [4] and [5] to find 
condensed anyons. 

Remark 3.1 Here the representation of D(G) on the space C{sq,s\) is defined based on 
the action of the vertex and face operators at site sq, and another representation can be 
found by considering those operators at S\. However, it is not hard to see that these two 
representations of D(G) are charge conjugations of each other and it does not matter which 
representation is picked to find anyon-types. Indeed, the anyon sitting at Si is the charge 
conjugation of the one at Sq . 



4 The quantum double model with boundary I 

In this section we define a boundary for the quantum double model and compute the corre- 
sponding condensation. This model will be generalized in the following section. 

Instead of a planar lattice, consider a lattice defined on a half-plane as in Figure|4j Again 
CG is the Hilbert space associated with internal edges, however, the Hilbert space of the 
boundary edges is CK where K C G is a fixed subgroup. The vertex and face operators 
corresponding to internal sites are defined as before. But for a boundary site s = (y, f) the 
vertex operator is 

1 1 k£K 
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Figure 4: A planar lattice with boundary. A ribbon connects the boundary site Sq = (vq, /o) 
to the internal site Si = Here, operators A k SQ and Bg are defined the same as before: 

A s \ x , V, 2) = \kx,ky,kz) and Sjja;) = 5 fej£C |a:>. 



Also the fact that the corresponding Hilbert space to a boundary edge is CK C CG, can be 
captured by considering the projection onto this subspace 

flf = E 

Now define the Hamiltonian 

H G , K = -J2 A "-J2 B f- Y,( A s + B ?)' ( 16 ) 

V f s 

where the summations run over internal vertices and faces v, f and boundary sites s. Observe 
that similar to Hq 1 all terms of Hqk commute. 

By the same reasoning as before the bulk excitations can be created and moved by 
applying ribbon operators, and they are in one-to-one correspondence with irreps of D(G). 
Some of these quasi-particles, however, may disappear when they move to the boundary; 
that is, because the local terms of the Hamiltonian on the boundary are different from 
internal terms, an excitation which violates some of the internal constraints, may become a 
ground state when it moves to a boundary site. 



4.1 Condensations 

Fix a ribbon £ which connects a boundary starting site So to an internal site Si as in Figure|4] 
Let Q C J 7 ^ to be the subalgcbra of operators that commute with both A^ Q and B^ Q : 

Q = {Te^: [T,A*] = [T,B*] = 0}. 

Then for every T e Q, by applying T on the ground state of Hq k, we generate a quasi- 
particle at s\, but no excitation at So- It means that the quasi-particle at s\ disappears when 
it moves to the boundary site Sq. In this case we say that this excitation gets condensed at 
the boundary. So to classify condensations we should find the algebra Q . 

Let T = J2h g c h,gP^ ,B be in Q. Using the commutation relation^ ^ and (10 1, 
[T, A^ o ] = is equivalent to 

C-khk- 1 ,kg — c h,gi 



2 Although these equations are given for an internal site, it is not hard to see that they also hold for 
boundary sites. 
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for every k <E A, and [T, B^] = if and only if ci hg — 0, for h £ A. These two relations 
completely characterize Q as follows. 
For every k G A and g £ G define 



rpk.g _ plkl 1 ,lg 1 



(17) 



Proposition 4.1 The algebra Q is spanned by operators T k ' 9 , k G A", g £ G, and the 
following equations hold. 

L T k,gm _ T mkm- 1 ,g ! j Qr every me K. 

2. T k ' 9 T k '> 9 ' =Q if g K ^ g'K. 

2 rpk,grpk\g _ rpkk' ,g ^ 

4. (T k ' 9 Y = T k l ' 9 . 

Proof: The proof is straightforward and is left to the reader. (We will prove a generalization 
of this proposition in the next section.) 

□ 



Now in order to find the type of condensed anyons we use the idea of Section 3.3 and 
compute the representation of D(G) induced by Q. Let \iPk) be the ground state of Hq.k- 
For k € A and g G G define \ipj^ 9 ) — T k ' 3 \i/}j() and let A{K) be the span of these vectors. 



Since the operators T k > 9 commute with Af o and B? o , we have Af o = B^ g \^ 9 ) 

But using (fi"T|) and fll2| 

<|V^> = I^ 9 >, 
Bi 1 \^ 9 )=S htgkg -i\^ a ), 

and we obtain a representation of D(G) on A{K). To compute the character of this repre- 
sentation we n eed t o fix a basis. Assume that \G\/\ K\ — r and G — g\K U • • • U g r A. Then 
by Proposition 4.1 the \G\ states \i>J gi ), k G K, i = 1, . . . , r, span A{K). We have 

{^ ai \^K ,Si ) = {M{T k ' a ^T k '^ K ) 



[4> 



k,g\ 
K I 



5 l , 3 (^K\T k " k '^ K 



I A 



mk 1 k'm 1 ,mg i 1 



\G\ 



Si,jSk,k', 



(18) 



where in the last line we use ( 14 ) which still holds even considering a boundary. So 
{y/r\ijjj^ 9 ') : k G A, i = 1, . . . , r} is an orthonormal basis for A(K). 

Now we are ready to compute XA{K) the character of the representation A{K). For 
g,h G G we have 



fceif »=i 



fcEK i=l 



k,9i\j,k,hgi\ 
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Let hgi = g e ^)ki where h\ G K and 1 < e(i) < r. Thus by Proposition 4.1 we have 



XA(K) = r ^ Yl 5 g ^k g - l( ^K 9t \^ k K kkl ' 9 ' ( ' ) ) 

keK i=l 

= r 6 g,g l kg- 1 5 kMkk- l5 ^{i) W 

keK i=i 1 1 

r 

keK i=i 

r 

= X) S gr 1 gg i ,k S g^hg i ,k i S 3hM 

keK i=i 

r 

= Sgh,hg 2_s ^gi 1 ggi£K ^g~ 1 hg i eK> 



and then 



XA(K){hg*) — T^T^gh,hg ^ 5 xgx -i<z K S xhx -i eK . (19) 

' ' xeG 

To compute the set of condensed anyons we just need to decompose this character into 
irreducible ones. 

Let us give some examples. Let K = G. We have 

XA(G)(hg*) = jLSgh,hg Y 1 = S 9h,hg- ( 20 ) 
1 1 xeG 

Then using ^ it is easy to see that xa(g) = X)aX(a,i)- As a result, in this case the 
condensation corresponds to all fluxions. Another example is K = {e}. We have 

XA({e}){hg*) = \G\Sg ie S h>e = 5g. e ti p (h), 

where p denotes the regular representation of G. Therefore, XA({e}) = dim7r X(e,Tr) where 
the summation is over irreps of G, and condensed anyons are all chargeons. 

In general, an anyon indexed by (a, ir) is condensed if Xa(k) an d X(o,,-k) are n °t orthog- 
onal: (xa(k), X(s,tt)) > (see ^ for the definition of the inner product of characters). 
Expanding (xa(k), X(a,Tr)), it is easy to see that the condensed anyons in our model coin- 
cide with those in the model proposed in [2]. Bombin and Martin-Delgado have defined a 
variation of the quantum double model in which two subgroups N C M are involved, and 
described the necessary and sufficient condition for an anyon (a, tt) to be condensed. This 
condition in the case where M — - N — - K is the same as our constraint (Xa(k)i X(a.7r)) > 
which means that these two models characterize similar condensations 

Remark 4.1 In the example of K — G the condensation consists of all fluxions. Since some 
of these condensed anyons may have non-trivial braidings, we should have confinements in 
this case. Confinements have been discussed in and classified in some cases. 



5 The quantum double model with boundary II 

We now generalize the boundary defined in the previous section. Here besides a subgroup 
K, the boundary depends on a 2-cocyle of K as well. 

' ! Bombin and Martin-Delgado [2] have assumed that N is a normal subgroup of G, however, it seems 
that the normality of N in M is enough. 
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5.1 2-cocycles 

Let : K x K — > C x be a function such that for every k,l,m € K 

tp(kl,m)(p(k,l) = <p(k,lm)ip(l,m). (21) 

Then tp is called a 2-cocycle of K. 

Every 2-cocycle comes from a projective representation and vise versa. A representation 
of K on the vector space V is indeed a homomorphism K — > GL(V), where GL(V) is the 
group of invertible linear transformations of V. A projective representation is a homomor- 
phism 

p : K -> PGL(V), 

where PGL(V r ) = GL(V)/C is the quotient of GL(V) modulo scalers. Thus every represen- 
tation, by composing with the map II : GL(V) — > PGL(V), gives a projective representation, 
but the converse does not hold. However, a projective representation provides us with a 
2-cocycle: for every k £ K fix L(k) £ GL(V) such that H(L(k)) = p{k) (L is a lifting of p). 
So U(L(kl)) = H(L(k)L(l)) and then there exists p(k,l) £ C such that 

ip(k,l)L(kl) = L(k)L(l). (22) 



It is easy to see that this function <p satisfies (21) and is a 2-cocycle. 

Conversely, every 2-cocycle ip corresponds to a projective representation. Let V = CK 
and define L(k)\l) = (p(k,l)\kl). Then p(k) = II(L(fc)) gives a projective representation 
and ([22) holds. 

Let a : K — > C x be an arbitrary function. Then L'(k) = a(k)L(k) also satisfies 
II(L'(fc)) = p(k), and defines another 2-cocycle cp' corresponding to the same projective 
representation. We call such two 2-cocycles ip and tp' equivalent. More precisely, ip and ip' 
are equivalent if there exists a such that 

ip'(k,l) = a{kl)~ l a(k)a(l)cp(k,l). 

The set of 2-cocycles of K up to the above equivalency is denoted by H 2 (K, C x ). 

Lemma 5.1 Every 2-cocycle is equivalent to one with the following properties. 

1. ip(e, k) — ip(k, e) = 1 

2. <p(k, fc _1 ) = 1 

3. |^(fc,OI = l 

I <p(k- 1 ,r 1 ) = < P (i,k)-K 

Proof: Every 2-cocycle corresponds to a projective representation. Consider a lifting of 
this projective representation such that L(e) = I, L(fc _1 ) = L(k)~ 1 , and detL(k) = 1 for 
every k £ K. Then the above equations follow from (22 1. 

□ 

For simplicity from now on we assume that ip satisfies the properties of this lemma. 



5.2 A new boundary 

Consider a lattice on a half-plane as before. The vertex and face operators for internal 
sites remain unchanged. Also, the state of the boundary edges lives in the space CK which 
as before can be captured by adding the projections Bf (for boundary sites s) to the 
Hamiltonian. However, we need to change the vertex operators at the boundary. 
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Figure 5: A lattice with boundary in which every other boundary edge is marked by a dotted 
line. Here we fix a boundary site sq = (uo f /o) where /o is adjacent to a solid boundary 
edge. 



We assume that at the boundary, every other edge is marked by a dotted line as in 
Figure [5] Thus, for every boundary site there are three adjacent edges: (1) an internal edge, 
(2) a boundary solid edge, (3) and a boundary dotted edge. Then for every k £ K and 
boundary site s define the vertex operator A k as in Fig ure Im The equality A k A l s = A k } can 



be proved using ([2l])p| Furthermore, using Lemma 5.1 we have (A^Y — A k s . Then 



.4 



K 



1 

\K\ 



E 1 * 



keK 



is a projection. Now define the Hamiltonian 



H G , K = -Y J A v -Y,Bf- J2( A ? + B?), 



(23) 



where the summations run over internal vertices and faces v, f and boundary sites s. The 
ground state of this Hamiltonian is denoted by \4>k}- The bulk excitations as before, are 
created by applying ribbon operators and are labeled by irreps of D{G). Condensations, 
however, are different because the boundary terms have been changed. 



5.3 Condensations II 

In this section we fix a ribbon £ that connects a boundary site Sq to an internal site s\. 
Then the same as before we consider the subalgebra of ribbon operators that commute with 
Af o and B^ g , and compute the corresponding representation of D(G) in order to find the 
excitations that get condensed at so- Nevertheless, because we have changed the definition 
of the boundary terms, the ribbon operators when acting on boundary edges, must also be 
modified. 

From now on assume that the boundary edge corresponding to site Sq is solid (see 
Figure jij). Then for k g K and g £ G define the ribbon operator F^' 9 as in Figure [7] 

4 This is the equation that motivates us to have two types of boundary edges; if all the boundary edges 
were solid, we had A^A[ = ip(k,l) 2 Ag l . 
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A 



t'o 



t 



\v) 



v = <p(k,x)<p(k,y)~ 



\kz) 
— < 



\kx) 



Figure 6: Definition of A k o for k € K and boundary vertex v$. Here we assume that x,y 
are in K. 



Observe that 

pk,gpk', g ' = §g g ,p(k, k')Ff' 9 , (24) 

{F^^Ff 1 ' 9 . (25) 

F^' 9 commutes with A t and B t for every internal site t ^ si, and the commutation relations 
with Aj, and are as before 

i4j i F c fc,fl =F*' flh_1 ^ l) (26) 

B ft £fe, 9 = pk.ggg-'k-^gh^ (27) 



and for / S if 



However, we have 



B l so F^ = pk,g B lk_ (2g) 



^Ff^^fe.r 1 )^^^^ 1 -'Mi . (29) 

Remark 5.1 If is shown in that the ribbon operators are indeed certain extensions of 
the local operators. Considering the extra phases in the definition of A k St) , the same extension 
gives the definition of F^' 9 , which comparing to F^' 9 has an extra phase. 

Remark 5.2 We defined the operators F^' 9 only when k belongs to K . This is because we 
are interested in ribbon operators which commute with B^ Q . According to (28 1, this condition 
automatically enforces k to be in K . 

Let be the algebra generated by F^' 9 , k £ K, g £ G, and 

Q = {T G : [T,AjA = [T,BK] = Q}. 
For every k £ K and g £ G dehne 

f k9 = ^^(/,fc) v ?(/fc,r 1 )Ff^ 1 ' /9 " 1 . (30) 

l£K 

Proposition 5.1 The algebra Q is spanned by the operators T k ' 9 , k £ K, g £ G. 
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2/2 



F^ 9 soy' 



\xi) 



ysi 



x 2 ) 



\Vi) 



\kxx) 



2/2 



/ si 



\Vi 1 kyix 2 ) 



Figure 7: Definition of F^' 9 for a ribbon which connects a boundary site sq with a corre- 
sponding solid edge, to an internal site s±. Here we assume that k, x\ are in K. 



Proof: [Bf o ,T k - g ] — is easy. For m E K we have 



<p(h k)<p(ik, r^vim, ikr^cpimikr 1 ,™- 1 ) F ( 



mlkl m ,mlg A m 



so 



l£K 



— ^""^ (p(m 1 l,k)ip(m 1 lk,l 1 m)ip{m,m 1 lkl 1 m)ip(lkl 1 m,m 1 ) F 1 ^ 1 ' lg A™ Q . 

So to prove [Af o ,T k > g ] = it is sufficient to show that 

<p(m -1 /, k)(p(m~ Ik, l~ 1 m)(p(m, m~ 1 lkl~ 1 m)ip(lkl~ 1 m, to -1 ) = ip(l, k)tp(lk, l^ 1 )- 

By three applications of ( plj ) and equation 4 of Lemma [5. 1| we have 

ip(m'~ 1 l, &;)</?(m _1 /fc, / _1 m)<y9(m, m~ 1 lkl~ 1 m)(p(lkl~ 1 m, m~ l ) 
= ip{mT 1 l 1 k)(p(m, m~ 1 lk)(p(lk, Z _1 m)(^(?fc? _1 m, to -1 ) 
= (^(m -1 /, k)tp(m, m~ 1 lk)tp(l~ 1 m, m~ 1 )tp(lk, l^ 1 ) 
= (p(l, k)(f(m, m^ 1 l)Lp(l~ 1 m, m )(f(lk, I 1 ) 

As a result, T k ' 9 e Q. To see that these operators span Q, observe that if T = c k, g F^' 9 

is in C £ , by [T, B*} = 0, c k , g = for every k K. Moreover, by [T, A*} = 0, c mkm -ij g , for 
every m 6 if, is uniquely determined in terms of Cfe j9 . 



□ 



Proposition 5.2 TTie following equations hold. 

1. f k ' 9m = (p(m, k)<p(mk, m _1 ) T mkm ~ > 9 , for every m € if. 

2. f k ' 9 T k '' 9 ' = 0, i/ ^ g'K. 

3. f k 'Sf k '> 9 = (p(k,k')T kk '' a . 
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Imkm 1 l 1 ,lg 1 



4. (T k ' 9 Y = T k 1,9 . 
Proof: 

T k > 9 ™ = J2v(i,kMik,r 1 )F l ( : krl < lm '" 

= (p(lm, k)tp(lmk, m~ 1 r 1 ) F ( 

So for the first equation it is sufficient to show 

(p(lm,k)if(lmk,m~ 1 r 1 ) = ip(m,k)(p(mk,m~ 1 )(p(l,mkm~ 1 )(p(lmkm~ 1 

Using Lemma |5.1| we have 

tp(lm, k)(f(lmk, m" 1 /" 1 ) = ip(lm,k)<f(l,m)ip(m^ 1 ,r 1 )(p(lrnk,rn^ 1 r 1 ) 

= <p(l, mk)ip(m, k)ip(lmk, m~ 1 )ip(lmkm~ 1 , 
= y(m, fyip^mkm -1 , l~ 1 )ip(l, mkm~ 1 )if(mk, m" 1 ). 



The second equation is an easy consequence of (|24j). For the third equation we have 

fk, g fk',g = Y j y{l,k)<p{lk,l- l )Fl kl ~ 1 > la ~ 1 J2 'p(l',k')ip(l'k'l'- 1 )Fl' k ' l " 1 ' l ' 9 ~ 1 
ieK I'eK 

= vih k)(p(ik, r x )p(z, k')(p(W, r 1 )v(ikr 1 jtfr 1 )Ff lk ' l ~ 1 ' l3 ~\ 



IeK 

So we need to show that 

<p(i, k)ip(ik, r 1 )^, k')ip(ik', r^tpiikr 1 , ik'r 1 ) = <p(k, k')tp(i, kk')cp(ikk', r 1 ), 

which can be proved by 

(p(i, k)tp(ik, r 1 )^, k')(p(ik', r^tptfkr 1 , ik'r 1 ) 
= (p(i, k)(p(i, k')ip(ik\ r 1 )^, fc'r 1 V(r\ zfc'r 1 ) 
= <p(i, k')tp(ik', r 1 )^ -1 , Wr 1 )^, kk'r 1 )^, k'r 1 ) 
= <p(i, k'r^cpik', r 1 )^- 1 , ik'r 1 )^, kk'r 1 )^, k'r 1 ) 
= ip(i, k'r^cpii^jk'r^ifii, kk'r^ikk', r 1 )^, k') 

= tpQ- 1 , l)<p(e, fc'r 1 )<p(7, kk , r 1 )(p(kk',l~ 1 )(p(k, k') 
= f(k, k')ip(l, kk')(f{lkk' , r 1 ). 

For the last equation we have 

(f fe ' 9 )t = J2v(i,k)*ip(ik,r 1 )* (p^^-y 



ieK 

f -li ; . 



^(k-'j-'M^k-H- 1 )^-^' 1 *- 
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□ 

This proposition gives a full characterization of the algebra Cg. The next step is to 
compute the induced representation of D(G). Let \iPk) be the ground state of Hq.k- 
Define \ip k I f) = T k:9 \i/jx), and let A(K,(p) be the span of these vectors. Using (26) and (27) 
the representation A(K, tp) of D(G) is given by 

Bt$ k K 9 )=Sh, gkg -i$ k K 3 }- 
To compute the character of this representation we need the following lemma. 

Lemma 5.2 The following equations hold for every k,k' £ K and g,g' G G. 

1. $ K \F^$ K ) = ^4,e- 

2. (^ a \^ k K ' 9 ') = 0ifgK^g'K. 

3. (^\^) = m Sk , k ,. 



Proof: The proof follows from similar steps as in the proof of Lemma 3.1 and (18). 
The following theorem gives a generalization of |l9|). 



□ 



Theorem 5.1 J$j The character of the representation A{K,<p) of D(G) is given by 
XA{K,<p)(gh*) = tjtt Sgh,hg ^ S xgx-^KS x hx-^eK tp{xgx~ 1 \xhx~ 1 ), 



(31) 



x£G 



where (p(k\l) = (p(k,l)(p(klk ,k) 1 which equals <p(k, I) tp(M,k 1 ) if <p satisfies Lemma 



5.1 



Proof: Let r = |G|/|AT| and assume that G = g\K U • • • U g r K. Then by Proposition 5.2 
and Lemma 



5.2 



{i/rl^^ 9 *) : k € K, i = 1, . . . , r} is an orthonormal basis for A(K, ip). Fix 



g,h £ G and let 1 < e(i) < r and fcj G K such that gg t = g^ki. We have 

r 

XA{K, v ){gh*) J2^K 9t \9 h *\^K 9i ) 

keK i=l 

keK i=i 
keK i=i 

= r E E^ fc9 -^(^i fc )(^ 9i i^ fcfcrl,9e(s> ) 

keK i=i 

= r E E^^fesr 1 ^^^^ 1 ' 6 ^)^^^^ 1 |GI 
fcg_fs- i=i 1 

r 

= E^- 1 9Sl ^^r 1 ^.^^r 1 ^.sr 1 ^^^~ l55i| ^~ 1 ^ ) 

i=l 

E S =ogx-^eK^xhx-^eK t p(xgx 1 \xhx 1 ). 
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□ 

Now to compute the condensed anyons we just need to decompose the character of the 
representation A(K, <p) into irreducible ones. An excitation (a, tt) gets condensed at the 
boundary if X(o,7r) appears in this decomposition. 

Remark 5.3 Note that if ip' is another 2-cocycle equivalent to <p then tp'(k\l) = tp{k\l) for 
every k,l where kl = Ik. Therefore, Theorem \ 5.1\ still holds even if ip does not satisfy 
Lemma \5.1[ 

Remark 5.4 A.(K, ip) gives a representation of D(G), so it is an object of Z(G). On the 
other hand, by Proposition 5.2. an algebra structure is defined on A(K,<p). Davydov has 
shown that these algebras are indeed all maximal indecomposable separable commutative 
algebras of Z(G) JBj. 



6 A domain wall between two phases 

We now consider two phases corresponding to two groups G and G' and a domain wall 
between them, and want to study tunneling of anyons from the G-phase to the G'-phase. 
More precisely, we consider a planar lattice divided into two parts by a defect line; we 
associate the right half-plane to the quantum double model corresponding to group G, and 
the left half-plane to group G'; the terms of the Hamiltonian on the domain wall then depend 
on a subgroup U C G x G' and a 2-cocycle ip € H 2 (U, C x ). To understand these terms we 
can simply use the folding idea, i.e., we fold the plane through the defect line. Then we have 
one half-plane with a boundary. In this case, there are two vectors living on each edge of 
the lattice: one corresponding to G and the other to G' . In other words, the Hilbert space 
associated with each edge of the lattice is CG<S> CG' ~ C(G x G'). Moreover, the boundary 



is parametrized by U and the whole Hamiltonian would be equal to HgxG',u given by (23 1. 

Again, the bulk excitations correspond to irreps of D(G x G') which are basically pairs 
of irreps of D(G) and D(G') and can be interpreted as two anyons, one belonging to the 
G-phase and the other to the G'-phase. More formally, the bulk excitations correspond to 
Z(G x G') which is equivalent to Z(G) ® Z(G') [BJ. 

Here there is a technical point. After folding, we change the o rientation of the right 
half-plane, and then the braiding operator Cyy (see Section 2.4) will change to Cy, Y . 



That is why the excitation A Kl Y of HgxG',u corresponds to the pair of anyons (A, Y op ) 
in the unfolded plane, where if Y = (y,ir) then Y op — (y, tt*) (see [BJ for the definition of 
the opposite category). Therefore, in the unfolded plane, anyons on the right hand side 
indeed live in the category Z(G) op . However, as we will show later in this section Z(G) op 
and Z(G) are equivalent categories. 

Now assume that an anyon A in the G-phase, without creating any excitation on the 
domain wall, tunnels to the G'-phase and becomes Y. This process in the folded half-plane 
is equivalent to creating X Y op and moving it to the boundary so that it disappears, i.e., 
condensation of A Kl Y op . Since we know a classification of condensations of HgxG',u we 
can characterize tunnclings as well. 

Let us give an example to clarify our framework. Assume that G' = G and let U = 
A(G) = {(g,g) ■ J £ G} and <p be the trivial cocycle (<p = 1). To find anyons in this 



condensation we use Theorem 5.1 For g — (51,52) and h = (hi, /12) in G x G we have 



XA(A(G),l){9 h *) ~ |A(G)| SghJl9 51 5 xg 1 x-\yg 2 y-^xh 1 x-K,yh 2 y-^ (32) 



x,yeG 



= S gh , hg 8 a \Z(g 1 )nZ(h 1 )\, (33) 

y 1 ft'i OJ y2 /t 2 
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where by g\h\ ~ 32^-2 we mean that there exists I £ G such that l{g\h\)l 1 = .92^2- Now 
define 

H9h*) = X(x, P mx, P *) (gh*), (34) 
where the summation runs over all irreducible representations (x, p) of D(G). We have 

®(gh*)= ^ X(x,p)(giK)x(x, P '){g2h* 2 ) (35) 

= S gih 1 M igi Sg 2 h 2 Mg 2 S hi G h2 ^ tT / ,(g 1 )tip*(k^g 2 k h;i ) (36) 
= ^^^g,/ gi ^>(^ fl2feh2 )l^)(5i)l (37) 

= h ,g 0h J2Cffi)nz(fci)|, (38) 

where in the third line we use the orthogonality relations in the character table of Z{h\). 
As a result, XA{A{G).i) = $j or equivalently anyons of the form X Kl A op get condensed^] 



6.1 A non-trivial auto-equivalence of Z(F + x F 



The tunneling process may give an equivalence between two phases G and G' . Suppose 
that condensations corresponding to A(U,ip) (U C G x G"), is described by the character 
XA{u,<p) — ^liX(xMYi)- Then Xj after tunneling, without creating any excitation at the 
domain wall, is changed to Yi. On the other hand, fusions and braidings are invariant under 
tunneling. Therefore, if Xj's and Yi's are all simple objects of -Z(G) and Z(G') respectively, 
then Xi i y Y° p gives an equivalency between anyons of the G-phase and G'-phaseQ Using 
this idea we show a non-trivial symmetry in -Z(F + x F*). 

Let F q be the finite field with q elements and denote its additive and multiplicative 
groups by F + and F* respectively. Then the semidirect product of these groups is defined 
as follows. We represent elements of F + x F* by (a, a) where a € F + and a € F* , 
and define {a,a)(a! ,a') = (a + a x a', a x a') which by abuse of notation is denoted by 
(a + aa', aa'). The identity element of this group is e = (0, 1) and the inverse of (a, a) is 
equal to (a,a) _1 = (— a~ l a, a -1 ). 

We will use the following properties of F+x F* . The conjugacy class of (a, a) is (a, a) = 
{(b, a): b E F+} if a ^ 1, and (1,1) = {(b, 1) : b G F+, b ± 0}. K = {{a, 1) : a € F+} is a 
normal subgroup of F+ x F* isomorphic to F+, and K = Z(l, 1). Also note that for every 
(a, a) where a/1, |^(a, a)| = q — 1 and if n i?(a, a) = {e}. 

Consider a non-trivial irrep of if, and let n be the corresponding induced representation 
on F+x F*. Then tr Tr (e) = q — 1, tr^l.l) = — 1, and tr^a, a) = Q if a ^ 1. Since 
S(o a) |t!v(a, a)| 2 = |F + x Fg |, 7T is an irreducible representation of F+ x F* . 

Theorem 6.1 There exists an auto- equivalence of 2(F+ x F*) whose corresponding per- 
mutation on simple objects is of the form PJ where J sends every object to its charge 
conjugation (J : X h- > X v ) and P is the transposition of the chargeon C = (e,7r) and 
fluxion F = ((1,1), 1). 



5 This example indeed show that the map X X op gives the equivalence between two categories Z{G) 
and Z(G) op . 

6 Xi H > Yi gives the equivalence Z(G) ~ Z(G')° V which by combining with the equivalence Z(G') op ~ 
Z(G') we find that Z(G) ~ Z(G') is given by X t ^ Y° p . 
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Proof: Define 

U = {((«!, a), (a 2 , a" 1 )) : ai,a 2 e F+ a e F x }. 

Let p be the characteristic of F 9 (so g is a power of p) , and let w be a p-th root of unity 
(lj p = 1). Additionally, assume that tr p : F q — > F p is the trace function, i.e., tr p (a) is equal 
to the trace of the F p -linear map x M- ax. Now define < y £>:J7x[/^C x by 

tp(g,h) = u tI *( aaabl \ (39) 



where g = ((a l7 a), (a 2 , a -1 )) and h — {(bx, /?), (b 2 , P^ 1 ))- satisfies (21), and then ^ g 
H 2 (U,C X ). In Appendix |A| it is shown that the character of the representation A(U,(p) is 
given by XA{u,<p){dh*) = if g or h is not in [7, and 

r > *x f <Ws <Wc/ (9-1) if a 7^ 1 or /? ^ 1, 

(^9/1, Tiff °g,h£U (°a 1 b 2 ,a 2 b 1 {q — ±) — ai b 2 ^a 2 b 1 ) II a = p = 1, 

if 5 = ((ai,a), (a^a -1 )) and ft = ((61, /3), (6 2 ,/3 -1 )) belong to t/. Furthermore, it is shown 
that XA((7,w) = ^ — r where 

w = E^p(f,)W. ( 41 ) 

and F = XCKIC + Xfhf - Xchf - Xfeic- As a result, ,A(Z7, tp) gives an a uto-equivalence of 
Z(F+x F x ) which transposes C and F and sends (x, p) ^ C, F to (x~ 1 ,p) op = (x,p) y . 

□ 

q = 2, the simplest example of this theorem, gives the group Z 2 , and the corresponding 
auto-equivalence is described in Section [T] 

For q — 3 the group F+ x F x is isomorphic to S3 , and the chargeon and fluxion con- 
structed in the proof, correspond to representations C and F described in Sect ion [275] More- 
over, in Z{S^) the charge conjugation of each particle is itself. Thus this auto-equivalence 
of Z(Sz) only transposes C and F, which means that these two particles in Z(S$) are 
indistinguishable. 

In Appendix |b] we show that a group G has a symmetry similar to that of F+x F x only 
if G ~ H + x H x where H is a finite near-field. 

6.2 When are Z{G) and Z(G') equivalent? 



The proof of Theorem |6.1| is based on the fact that there exists A(U, <p) such that XA(u,tp) = 
J2i XxMYi gives a permutation between anyons of the two phases. So if we find the necessary 
and sufficient condition for the existence of such U C G x G' and ip £ H 2 (U,C X ) we 
can answer the question of whether -Z(G) and Z(G') are equivalent. This question was 
first answered by Naidu and Nikshych pTj [12] based on the classification of Lagrangian 
subcategories of Z(G). Here we state the necessary and sufficient conditions of Davydov 
which is more appropriate for us. 

Theorem 6.2 JBj An equivalence between Z(G) and Z(G') corresponds to a subgroup U C 
G x G', and tp e H 2 (U, C x ) such that 

1. the projections of U onto the first and second components are equal to G and G' 
respectively, and 



2. the restriction of p>(-\-) (defined in Theorem 5.1) on (U T\(G x {e})) x (U D ({e} x G')) 
is non-degenerate. 
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Moreover, if such a U and tp exist, the map of the corresponding equivalence on simple 
objects can be computed by decomposing XA(u.ip) ^ n ^° irreducible characters of D(G x G'); if 
X MY appears in this decomposition, then the equivalence sends X to Y op . 

Observe that the subgroup U and 2-cocycle tp defined in the proof of Theorem [6j] satisfy 
the conditions of this theorem. 

The framework of tunneling can be considered for any U and tp and not necessarily those 
given by the above theorem. However, in general we obtain an equivalence between certain 
subcategories of Z(G) and Z(G') and not necessarily the whole categories (see Theorem 
2.5.1 of [6]). 

7 Conclusion 

In this paper we defined the quantum double model with boundaries and found the corre- 
sponding condensations. Our work is based on the characterization of algebras in Z(G). 
However, the algebras that we constructed are the maximal ones classified in [BJ. Indeed, in- 
decomposable separable commutative algebras of Z(G) are indexed by A{M, K, tp, e) where 
K C M are subgroups of G and K is normal in M, tp £ H 2 (K, C x ), and e is some extension 
of ip to M x K. A(M, K, ip, e) is maximal if M = K and in this case e is uniquely deter- 
mined in terms of (p. It is an interesting question whether we can define a boundary for the 
quantum double model so that the corresponding condensation is given by A(M, K, tp, e). 
Since the model of [2] is defined based on two subgroups of G, a combination of the ideas 
of the current paper and [5] may answer this question. 

The condensations that we characterized are indeed single-quasiparticle excitations, and 
we know that such excitations do not exist in the usual quantum double model. In the 
extended quantum double model of [2] , however, single-quasiparticles are possible on surfaces 
with non-trivial topology. So it is interesting to see what happens to boundaries on surfaces 
beyond plane and sphere. 

Characterization of confinements as well as edge excitations in these models is another 
important problem. Classification of edge excitations will clarify domain wall excitations as 
well. 

Our general framework for studying boundaries allows us to examine the known facts 
about the toric code with boundary for the non-abelian quantum double models. See [131114] 
for some results in this direction. 

In the second part of the paper, by applying the folding idea we considered the problem 
of tunneling of an excitation from one phase to another one, and then explained the neces- 
sary and sufficient conditions on two groups G and G' such that Z[G) ~ Z(G'). Based on 
this approach, we found some non- trivial auto-equivalence of Z(F+ x F x ). Finding other 
such symmetries and their applications are also of interest. For example Bombin in [7], 
using the symmetry in the case of G = Z2 have realized Ising anyons from an abelian model. 

Acknowledgements. This paper would have never had this shape without several helpful 
discussions with Alexei Kitaev, so we gratefully acknowledge him. We are also thankful to 
Miguel A. Martin-Delgado for introducing his work on condensations in the Kitaev model, 
and Liang Kong, Chris Heunen, Alexei Davydov, and John Preskill for many clarifications. 
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A Proof of Theorem 16.1 



To compute XA(y,ip) we use Theorem 15.11 Since U is a normal subgroup we have 



XA(U, v )(g h *) = p^gh,hg S 9,h£U ^^[kgk 1 , khk 1 )ip(khk 1 ,kgk 1 ) l . 

Letting g — {(at, a), (a 2 , a -1 )), h = ((61, (6 2 , and k — ((xi,9), (x 2 , A)), we have 

kgk -1 = ((xi + 6ai — axi, a), (x 2 + Aa 2 — a X%, a -1 )), 
khk' 1 = (( Xl + 6b x - 0X1,0), {x 2 + Xb 2 - f3~ 1 x 2 , /T 1 )). 

and thus 

(fiikgk' 1 ^khk- 1 ) = ^v((»x 2+a \a 2 -x 2 )(x l +eb l ^f}x l )) _ 



ipikhk- 1 ,kgk- x ) 



ui 



tr p ((px 2 +l3Xb 2 — x 2 ){x 1 +6a 1 —ax 1 )) 



Now observe that <?/i = hg is equivalent to 61 (a— 1) = a\{0— 1) and a(l — /3)a 2 = — a)i> 2 . 
So if g and /i commute, ip(kgk- 1 ,khk~ 1 )ip(khk~ 1 ,kgk~ 1 )- 1 is independent of xi,^, and 
we have 



XA(U, v )(gh*) = TjjrSgh,hg 5 g ,heu ^2 

' ' x 1 ,x 2 ,6,\ 



tr p (8\(aa 2 b 1 -/3b 2 a 1 )) 



Therefore, 



, ,*s J <^sh,hg ^a,ftec/ (g - 1) i£ abid2 = 0b 2 ax, 
XA(u, v ){gn ) = \ , jj , t , Jfl , I 42 ) 

[-dgh.hgdg.hec/ if a0ia 2 ^ 0b 2 ai. 

Note that if either a or /3 is not equal to 1, then g,h £ U and gh = hg imply abia 2 — 0b 2 a\. 
Thus ( 42 ) can be simplified to 



XA(u, V )(gh*) = 



SghjigSgMeu (q - 1) if a ^ 1 or £ ^ 1, 

5gh,hg $g,heU {&a 1 b 2 ,a 2 b 1 (? — 1) — <5ai6 2 #a2bi) if a = jS = 1. 



We now need to decompose X^((/,^) into irreducible characters. Let 



By the same steps as in the computation of &(gh*) in (35 l-(|38| we find that 

*(gh*) = s gh . hg 6 gih ^ g -i (h -i r \z( 9l ) n z(M)\, 

where g — (51,52) = ((ai, a), (a 2 , a')) an d ^ = {hi,h 2 ) = {(b\, 0), (62, /?'))• Observe that if 
g/i = and either a 5^ 1 or ^ 1, then gi/i^ ~ g^ 1 ^^ 1 )* is equivalent to g, h G [/". This 
fact can be verified simply by writing these conditions in terms of a\, a 2 , a, etc. Also in this 
case g,h € ?7 and 5/1 = fog imply n = g — 1. Moreover, if a = = 1, then 

Si' 1 ! ~ ftT (^iT )* ls equivalent to ai6 2 = a 2 &i, 51 ~ g^ 1 , and h\ ~ ft-^ 1 - Therefore, 



W) = 



8gh,hg S 9,heu(q-l) if a 7^ 1 Or /3 7^ 1 , 

tightoSg^g-iS^f^-iSa^aibt \Z(gi) r\Z(hi)\ if a = = 1. 
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Define T = Xcmc + Xf®f ~ Xc®f ~ Xf®c- Then 



F(gh*) = (xc(giK) - xf(9iK)) (xcig^K) - XFigzK)) 

= S gh ,hg (S hl ,e^7r(gi) ~ S hl e{lA)) { S h 2 ,e tr 7r (g 2 ) ~ ^(J^j) ■ 

If either a / 1 or /? / 1, then T(gh*) = and we have XA(u, v )(gh*) = ^(gh*) = 
^(gh*) — T(gh*). Moreover, when a — j3 — 1 by considering a few cases one can verify that 
XA(u lV ){gh*) = ^(gh*) — T(gh*). For instance, if (a = f3 = 1 and) a 1 — and a 2 ^ we 
have 

XA(u, v ){gh*) = 6g 2h2Mg2 6 a ' = p> =1 (5 bl=0 (q - 1) - S bl ^ ) 
= 5 a > =l 3> = i(5 bl=a (q - 1) - 5b 17 to), 

and 

r(5^*) = Sg 2 h 2 M 2 g 2 S a ' =l 3' = i(S bl=a (q - 1) - <5 6l ^ )(-<5b 2 =o - <5b 2 #o) 

= ^a'=/3'=l(^!=o(Q - 1) - <Wo)(-l)) 

and since g! = e is not conjugate with g^ 1 ^ e, ^(gh*) = 0. Thus XA(U ip){9^*) = ^(ff^ 1 *) — 

W)-r( fl ft*). 

As a result, -4(C/, <y9) corresponds to an auto-equivalence of Z(F+x F* ) which transposes 
C and F and sends (x, p)^C,F to (aF 1 , p)^ = (x, p) v . 



B Chargeon-fluxion symmetry as a modular invariant 

The corresponding S'-matrix to 2(G) is defined in Q. The T-matrix is a diagonal one that 
contains the twist numbers of simple objects on the diagonal. For 2(G), T is given by 



tiv(g) 

tr„.(e) 



T {g,-K)(g,7v) - %tt) - ZT7T\ ■ ( 43 ) 



The pair of matrices (S, T) is called a modular data, and a modular invariant corresponding 
to (S, T) is a matrix M that commutes with both S and T, and such that all entries of M 
are non-negative integers and M 00 = 1 (0 is the trivial object). Clearly, the permutation 
corresponding to an auto-equivalent of a modular tensor category commutes with both S and 
T and is a modular invariant. However, a modular invariant may not even be a permutation 
and then may not come from an auto-equivalence. 

In this section we study permutation matrices which form a modular invariant of 2(G). 
In particular, we classify all groups G for which there exists a modular invariant of the 
form P or PJ, where P is a transposition of a chargeon-fluxion pair. Note that J always 
commutes with both S and T (it can easily be seen from the formulas Q and (43) in the 



case of 2(G); for a proof in the general case see |9]). Thus, PJ is a modular invariant if 
and only if P is a modular invariant. 



B.l Near-fields 



By the result of Section 6.1 all groups F+ x F* , defined in terms of a finite field, admit a 
transposition of a chargeon-fluxion pair as a modular invariant. Here we show that every 
group with a modular invariant of this form is isomorphic to H + x H x where H is a near-field. 

Definition B.l A set H with two binary operations + and x is called a near- field if 
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1. (H, +) is an abelian group with the identity element 0. 

2. 0xx = ix0 = for every x G H. 

3. (H \ 0, x) is a group with the identity element 1. 

4- the multiplication is distributive from left with respect to the addition: x x (y + z) = 
x x y + x x z. (Distributivity from right is not assumed.) 

The class of all finite near-fields is completely known: there is a method for constructing 
finite near-fields due to Dickson [TS], and it has been shown by Zassenhaus [TB] that all 
finite near-fields except precisely seven of them, are given by Dickson's construction. 

For a near-field H one can consider an action of H x on H + and define a group structure 
on H + x H x as follows. Elements of H + x H x arc denoted by (a, a) where a E H + and 
a € H x , and (a,a)(b,/3) — (a + a x b,a x /?). This multiplication turns H + x H x to a 
group with the identity element e = (0,1). (Note that to obtain a group we must define 
the action of H x on H + by multiplication from left, and multiplication from right does not 
work.) K = {(a, 1) : a G H + } is a subgroup of H + x H x isomorphic to H + . On the other 
hand, it is easy to see that all elements of K \ e are conjugate. Thus, K is an abelian group 
all of whose elements, except identity, have the same order. As a result, the size of this 
group \K\ = |H| = q is a power of a prime number, and K ~ H+ ~ F+. 

We will also use the fact that the centralizer of the multiplicative group of every near- 
field (with more than 2 elements) is non-trivial. This property can be verified by checking 
Dickson's near-fields as well as the other seven near-fields classified by Zassenhaus (see |17|). 

B.2 A group with a char geon- fluxion symmetry is isomorphic to 

H+xH x 

We now state the main result of this section. 

Theorem B.l Suppose that the permutation matrix P corresponding to a transposition of 
a charg eon- fluxion pair forms a modular invariant for 2(G). Then G ~ H + x H x where H 
is a near-field. Conversely, for every group H + x H x there exists such a modular invariant. 

Proof: We first show that there exists a chargeon-fluxion pair in Z(H + x H x ) that forms 
a modular invariant. 

Consider a non-trivial representation of the abelian subgroup K C H + x H x (defined 
above), and denote its induced representation on H + x H x by tt. Let C = (e, it) and 
F = (a, 1), where a = (1, 1) € H + x H x . We claim that the permutation P which exchanges 
C and F is a modular invariant. 

By the definition of 7T, dini7r = q — 1, tr„.(a) = — 1 and tr^/i) = for every h ^ K. 
Then since ^ g |tr w ((7)| 2 = q(q — 1), 7r is an irreducible representation. Also a dimension- 
counting argument shows that all other irreducible representations of H + x H x come from 
an irreducible representation of H x ~ (H + x H x )/K, and then for every such representation 
fj,, tr jU (a) = tr M (e) = dim//. 

P commutes with T because Tq = Tp = 1. To prove PS = SP we should show that 
Sex — Sfx for every irreducible representation X ^ C, F of D(H+x H x ), and Sec — Sff- 
This is a straightforward computation given the structure of Z(a) — K and the irreducible 
representations of H + x H x described above. 

Now consider an arbitrary group G, let C — (e, 7r) be a chargeon and F = (a, 1) a fluxion 
in Z(G), and assume that the permutation P which interchanges C and F commutes with 
the corresponding 5-matrix. Note that since by the Verlinde formula the fusion rules are 
computed in terms of S and PSP^ 1 = S, the fusion rules are also symmetric with respect 



2G 



to C and F. We prove G ~ H+ xi H x in the following steps. 

(a) 7r 7^ 1 and n/e. 

= (e, 1) is the unique representation such that <Ei X ~ X, so its fusion rules cannot 
be the same as any other representation. Therefore, C and F are different from 0. □ 

(b) dim7r = \a\. 

Since ^ C, F we have Sco = Sfo- Then 

— = — (44) 
\G\ \Z{a)y 1 ' 

or equivalently dim7r = \a\. □ 

(c) {e} U a is a subgroup of G. 

Let X = (h, n) be a representation such that h is different from {e} and a. Since C has 
a trivial magnetic flux, C ® X is equivalent to the sum of representations whose magnetic 
flux is equal to h. Thus, the magnetic flux of any representation in F ® X should also be h. 
This means that ah — h for any h (£ {e} U a. As a result, a a C {e} U a which implies that 
{e} U a is closed under multiplication and forms a subgroup. □ 

For every X = (h, /j.) we have 

o 1 n,h-iu-i\+ n tr^/i" 1 ) dinut 

5cx = in . \7(h\\ 2^ iY ^ kh k > tr ^ e > = 



and 



\G\-\Z(h)\^ G " ' »> ' \Z(h)\ 



Therefore, if X ^ C, F 

tv^ih^ 1 ) dim^i 



\Z(h)\ \Z{h)\.\Z{a)\ khi , ^ 

(d) For any irreducible representation fi of G different from ir we have 

tr^a -1 ) = tr M (a) = dinut = tr M (e). 



^ tr^fc-^fc). (45) 



Let /i = e in (451 and note that k 1 a k is a conjugate of a 1 in Z(h) = G. Thus 
tr„(fe a fe) = tr M (a _1 ) and 

dim7rdim/i tr,((a ) 

|Gj = 1ZW 

Then by (44 1 we obtain tr M (a _1 ) = dim/i. □ 

(e) tr 7r (/i) = 0, for any /i ^ {e} U a, and tr 7r (a) = tr 7r (a _1 ) = — 1. 
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The column h of the character table of G is orthogonal to columns e and a. On the 
other hand, by (d) columns e and a coincide except at the representation tt. Therefore, 
tr ff (/i) = 0. tr^a) = —1 can be shown using (b), and the orthogonality of 7r and the trivial 
representation of G. □ 

(f) |Z(a)| = |S| + l. 

Because of the orthogonality of columns e and a of the character table of G we have 

^tr p (e)tr M (a)* =0, 

where the sum is over all irreducible representations of G. Thus 5Z^,r(dim//) 2 — dim7r = 0. 
On the other hand, we know that ^ ^(dim/Lt) 2 = \G\. Therefore, \G\ — (dim7r) 2 — dim7r = 
which by using dim7r = \a\ gives |^(a)| = \a\ + 1. □ 

(g) Z(a) = {e} U a. 

According to (f) it is sufficient to show that h ^ Z(a) for every h ^ {e} U a. This fact 
can easily be seen from (45) by letting n = 1. □ 

(h) Z(a) ~ F+ where q is a power of a prime number, and \G\ = \Z{a)\ ■ \a\ = q(q — 1). 

Since Z(a) — {e} U a is a normal subgroup, Z{b) = Z(a) for every b € a. Thus Z(a) is 
an abelian subgroup. On the other hand, the order of all elements of a = Z(a) \ e is the 
same. Therefore, Z(a) is isomorphic to F+ where q is a power of a prime number. □ 

For simplicity let Z(a) = H. Then H is an abelian subgroup of G. We show that a 
multiplication x can be defined on H which together with the operation of H induced from 
G turns it into a near- field. We then prove that G~H»H X . 

Since |G/H| = |a|, and H = Z(a), the cosets of G/H are in one-to-one correspondence 
with elements of a; for every b £ a there exists a unique ib = a^fcH G G/H such that 
XbCtXfr 1 = b. Now define a binary operation x on H in the following form. exb = bxe = e 
for every b € H, and for d,c6n 

b X C = XfrXcCLX^X^ 1 . 

x is well-defined because elements of H commute with every element of a. 

(i) H x = (H \ e, x) is a group whose identity element is a. 

The inverse of b is b' where b' = x b ~ 1 axb- The associativity is proved using ibxc = 5{,a; c . d 

(j) H with the induced operation from G as the addition and x as the multiplication forms 
a near-field. 

We need to show that multiplication is distributive from left with respect to addition: 
b x (cd) — (b X c)(6 x d). If one of b,c,d is equal to e, it obviously holds; otherwise both 
sides are equal to Xbcdx^ 1 . □ 

In the following we assume that q — |H| > 2 since otherwise G ~ H x H x is obvious. 
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(k) There exists g £ G \ H such that G = UZ(g). 



Since H is a near-field, the centralizer of H x is non-trivial (see Section B.l ). This means 
that there exists g £ G such that gag -1 ^ a and (gag -1 ) x b — bx (gag -1 ) for every b £ H. 
In other words, for every x £ G, gxax~ 1 g — xgag~ 1 x~ 1 , or equivalently, g C gH. Therefore, 
\g\ < |H| = g, and then |Z(g)| > q— 1. On the other hand, H is a normal subgroup of G, so 
HlZ(g) is a subgroup and since Z(<?) flH = n Z(a) = {e}, the size of this subgroup is 
equal to q\Z(g)\. Thus |Z(g)| < q — 1 and therefore, Z(g) is a subgroup of order q — 1 and 
G = HZ(g). □ 

(l)G~Hx H x . 

Since G = HZ(g) and H n = {e}, every element of G can uniquely be written in 
the form of bk where b £ H and k £ Z(g). It is easy to see that the map which sends bk £ G 
to (b,kak -1 ) £ H xi H x is an isomorphism. We are done. 

□ 

B.3 Example: two modular invariants in Z(A§) 



Assume that the transposition (X,Y) forms a modular invariant in Z(G). Theorem B.l 
classifies all groups for which there exists such a modular invariant when X is a chargeon 
and Y is a fluxion. If we relax this assumption by keeping X to be a chargeon but assuming 



Y = (a, p) is arbitrary, most steps in the proof of Theorem B.l| (with some variations) still 



hold. In particular, dimp = 1 is enough to show that G ~ H + x H x . (In this case proving 
(g) needs more work.) 

There are two remaining cases. First, both X and Y are chargeon, and second, non of 
them is chargeon. The first case cannot happen; if X = (e,7r) and Y — (e, it'), Sox = Sqy 
implies dim7r = dim7r'. Moreover, for every g ^ e, SxCg,i) = £r(g,i) is equivalent to 
tx^(g) = tx^(g). Thus n = it' . 

Now assume that X = (a,p) and Y = (b,p f ), and 0,6 ^ e. Then for every irreducible 
representation n of G, Sx(e,Tr) = Sy(c.^)i an d we obtain 

tr 7r (a _1 )dimp tr T (6 _1 )dimp' 

\zja)\ = \m\ ■ 

For 7r = 1 we find that dimp/|Z(a)| = dim/)' /\Z(b)\, and thus for every tt, tr 7r (a _1 ) = 
tr T (6 _1 ). Equivalently, a and b belong to the same conjugacy class, and X, Y have the same 
magnetic flux. 

Here we present an example of a modular invariant in the latter case (X = (a, p) and 
Y = (a, p')). Let A 6 be the alternating group of order six (the group of even permutations 
over {1, . . . , 6}). Let a — (1, 2)(3, 4). a is equal to the set of all permutations of the form 
(h,t 2 )(t 3 ,t 4 ). Then |3| = 45, and \Z(a)\ = \A & \/\a\ = 8; 

Z{a) = {e, a, b x = (1, 2)(5, 6), b 2 = (3, 4)(5, 6), b 3 = (1, 3)(2, 4), 64 = (1, 4)(2, 3), 

Cl = (l,3,2,4)(5,6),c 2 = (l,4,2,3)(5,6)}. 

The conjugacy classes of Z(a) are {e}, {a}, {&i, b 2 }, {63, 64}, and {ci, c 2 }, and the character 
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table of Z(a) is as follows. 





e 


a 


&1,&2 


63, h 


Cl, c 2 


Pi 


1 


1 


1 


1 


1 


92 


1 


1 


-1 


-1 


1 


Pi 


1 


1 


1 


-1 


-1 


Pi 


1 


1 


-1 


1 


-1 




2 


-2 












We claim that both transpositions (Xi,X2) and (X^jX^), where Xi = (a,pi), are modular 
invariants. 

T is invariant under these transpositions because T x . = 1 for every 1 < i < 4. 
For every Y = (e, 7r), 5x 4 y = tr OT (a )dimpj/|i?(a)|, and since dim/a; = 1 for every i, 
S Xi Y=S XjY for *,ie {1,2,3,4}. 

For every 1" = (h, 7r), where ft, ^ {e} U 5, we have 



l^( a )l ' k . khk -i eZ ( a) 



tv Pi {kh-' l k- l )tvK{k- l a- 1 k). 



Observe that ci,C2 are the only elements of Z(a) which can be conjugates of ft, , and 
tr Pl (ci) = tr Pj (ci) for i,j E {1,2} and i,j e {3,4}. Therefore, S x ,y = S Xj y- 

Now it remains to show that S XlXl = S X2X2 , S XsX3 = S XAXil S XlXa = S X2Xs = 
S X2Xi = S XlXi , and S XlY = S X2 y = S X3 y = S XjkY , where Y = (a,fi). These equalities 
can simply be verified given the character table of Z(a). 
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